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Ï Linearity of Expectation

E
∑

X i =
∑

EX i

Ï Jensen equality: for convex f :

f (EX )≤E f (X )
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Union bound P(∪E i)≤∑
P(E i)

Ï given a set A

P(maxA > c)=P(∃a ∈A : a > c)≤ ∑
a∈A

P(a > c)
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Chernoff Bound Technique

ex ≥ 1+ x

P
(
X ≥ (1+δ)µH

)=P
(
eλX ≥ eλ(1+δ)µH

)
≤ E[eλX ]

eλ(1+δ)µH

= E[eλ
∑n

i=1 X i ]
eλ(1+δ)µH

=
∏n

i=1 E[eλX i ]

eλ(1+δ)µH
= e

∑n
i=1(pi eλ+(1−pi))

eλ(1+δ)µH
≤ e

∑n
i=1 pi(eλ−1)

eλ(1+δ)µH

= eµ(eλ−1)

eλ(1+δ)µH
≤ eµH(eλ−1)

eλ(1+δ)µH
=

(
e(eλ−1)

eλ(1+δ)

)µH
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Bins and Balls Model

m balls, n bins

P(the number of balls in bin i ≥ k)≤
(
m
k

)
1
nk

P(max load≥ k)≤ n

(
m
k

)
1
nk

P(X1 = k1, X2 = k2, . . . , Xn = kn)= m!
k1!k2! . . .kn!nm
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First Moment method and De-randomization

P(X ≥EX )> 0

EX =∑
i iP(X = i)= ∑

i≥c iP(X = i)+∑
i<c iP(X = i)

≤ (max X )P(X ≥ c)+ c(1−P(X ≥ c))

De-randomization
X= (x1, . . . , xn)

xk = argmin
vk

E [ f (X) | x1 = v1, . . . , xk−1 = vk−1, xk = vk]
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Second Moment Method

Ï Markov X ∈ [0,∞)

P(X ≥ a)≤ EX
a

Ï Chebyshev
P(|X −EX | ≥ t)≥ Var X

t2

P(X = 0)≤P(|X −EX | ≥EX )≤ VarX
(EX )2

Rui Zhang 9 / 26



LLL

d: max degree
4pd < 1

Given real numbers: x1, . . . , xn ∈ [0,1)
Γ(i) is the set of neighbors of vertex i

∀i ∈ [n] : P(i)≤ xi
∏

j∈Γ(i)
(1− x j)
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Memoryless implies

∀m,n ∈Z+ : P (X > m+n | X > m)=P (X > n)

or

∀m,n ∈Z+ :
P (X > m+n∩ X > m)

P (X > m)
= P (X > m+n)

P (X > m)
=P (X > n)

or
∀m,n ∈Z+ : P (X > m+n)=P (X > m)P (X > n)
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Coupon collector’s problem

P(the probability of collecting i-th new coupon)= pi = 1− i−1
n

E(T) =E(t1)+E(t2)+·· ·+E(tn)
= 1

p1
+ 1

p2
+·· ·+ 1

pn
= n

n + n
n−1 +·· ·+ n

1
= n · (1

1 + 1
2 +·· ·+ 1

n
)

= n ·Hn

Hn Harmonic series
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we need the following

E[eλai X i ]= pi eλai +1− pi = 1+ pi

(
eλai −1

)
≤ epi(eλai−1) ≤ epiai(eλ−1)

or
eλai −1≤ ai

(
eλ−1

)
or

eλai −1
ai

≤ eλ∗1 −1
1

this is slope of line through
(
x, eλx) and (0,1), which is obvious via plot

of function eλx
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E f (Z)=
∑

i
pi f (zi)=

∑
pi f (zi ∗1+ (1− zi)∗0)

≤∑
i

pi zi f (1)+ pi (1− zi) f (0)= pf (1)+ (1− p) f (0)=E f (X )
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the exact probability is

P (n bins m balls max load= 1)=
(
1− 1

n

)(
1− 2

n

)
. . .

(
1− m−1

n

)
we need P (n bins m balls max load= 1)≤ 1

e or

P (n bins m balls max load= 1)≤ e−
1
n e−

2
n . . . e−

m−1
n = e−

m(m−1)
2n ≤ 1

e

we need P (n bins m balls max load= 1)≥ 1
2 or

P (n bins m balls max load= 1)≥ e−
1
n− 1

n2 e−
2
n− 22

n2 . . . e−
m−1

n − (m−1)2

n2 = e−
m(m−1)

2n − (m−1)m(2m−1)
6n2 ≥ 1

2
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Brun’s sieve, omit
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probability of a bin with load 1

P (X i = 1)=
(
b
1

)
1
n

(
1− 1

n

)b−1

the expected balls will be served

EX = nP (X i = 1)= b
(
1− 1

n

)b−1

thus, expected number of balls at the start of the next round
b−b

(
1− 1

n
)b−1

x j+1 = x j − x j

(
1− 1

n

)x j−1
= x j

[
1−

(
1− 1

n

)x j−1]
consider f (x)= (

1− 1
n
)x+1 − (

1− x
n
)
, we can get x j+1 ≤

x2
j

n or
ln x j+1 ≤ 2ln x j − lnn
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we need
p =P

(
|S| ≥ |V |

D+1

)
≥ 1

2D|V |2
since

E|S| ≥ |V |
D+1

E|S| = ∑
|S|≥ |V |

D+1

|S|P (|S|)+
∑

|S< |V |
D+1

|S|P (|S|)≤ |V |p+
( |V |

D+1
−1

)
(1− p)

thus
|V |p+

( |V |
D+1

−1
)
(1− p)≥ |V |

D+1
thus

p
(

D|V |
D+1

+1
)
≥ 1

thus
p ≥ D+1

D+1+D|V | >
1

2D|V |2
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p = 2
2r

d ≤ 2r−3

4pd = 4
2
2r d ≤ 4

2
2r 2r−3 = 1
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p = 2

2(k
2)

d ≤
(
k
2

)(
n

k−2

)

4pd = 4

(
k
2

)(
n

k−2

)
21−(k

2)
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let X i indicate if a vertex vi ∈V is isolated
X =

n∑
i=i

X i is total number of isolated vertices

EX =E
n∑

i=i
X i =E

n∑
i=i

(1− p)n−1 = n(1− p)n−1
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VarX =EX2 − (EX )2

=E(
n∑

i=i
X i)2 − (EX )2

= ∑
i ̸= j

E(X i X j)+
n∑

i=i
E(X i)2 − (EX )2

= ∑
i ̸= j

E(X i X j)+
n∑

i=i
EX i − (EX )2

= 2

(
n
2

)
(1− p)n−2(1− p)n−2(1− p)+EX − (EX )2

= n(n−1)(1− p)2n−3 +EX − (EX )2
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since
P(X = 0)≤P(|X −EX | ≥EX )≤ VarX

(EX )2

thus

P(X = 0) ≤ n(n−1)(1− p)2n−3 +EX − (EX )2

(EX )2

= n(n−1)(1− p)2n−3 +n(1− p)n−1 −n2(1− p)2n−2

n2(1− p)2n−2

≤ n2(1− p)2n−3 p+n(1− p)n−1

n2(1− p)2n−2

= p
1− p

+ 1
n(1− p)n−1

if p = c lnn
n , c < 1, ϵ> 0 and n →∞, P(X = 0)→ 0

the graph has isolated vertices with probability at least 1−ϵ
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