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Definition 1 (Subgaussian random variable). A real-valued random variable X is σ-subgaussian if

∃σ > 0, ∀s ∈ R : logEesX ≤ s2σ2

2

Claim 2. subgaussian tail bound implies Laplace transform decay.

Proof. Given subgaussian random variable X

logEesX ≤ s2σ2

2

By Markov inequity

Pr (f −Ef ≥ t) ≤ inf
s>0

Ees(f−Ef)

est
= inf

s>0
elogEes(f−Ef)−st ≤ inf

s>0
e

s2σ2

2
−st = e−

t2

2σ2

�

Claim 3. Laplace transform decay implies subgaussian tail bound.

Proof. Suppose we have a random variable with Laplace transform decay

∃c > 0 : Pr (|X −EX| ≥ t) ≤ 2e−ct2

∀a ∈ (0, c)

Eea(X−EX)2

= 1 +E
∫ |X−EX|
0 d

(
eat

2
)

= 1 +E
∫ |X−EX|
0 2ateat

2
dt

= 1 +E
∫∞
0 2ateat

2
1 (|X −EX| > t) dt

= 1 +
∫∞
0 2ateat

2
Pr (|X −EX| > t) dt

≤ 1 +
∫∞
0 2ateat

2
2e−ct2dt

= 1 + 4a
∫∞
0 te−(c−a)t2dt

= 1 + 2a
−(c−a)

∫∞
0 e−(c−a)t2d

(
− (c− a) t2

)
= 1 + 2a

−(c−a) [e
−(c−a)t2 |∞0 ]

= 1 + 2a
c−a

= c+a
c−a
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Ees(X−EX)

= 1 +E
∑

i≥0
(s(X−EX))i+2

(i+2)!

= 1 +E
∑

i≥0 s
2 (X −EX)2 (s(X−EX))i

(i+2)!

= 1 +E
∑

i≥0 s
2 (X −EX)2 (s(X−EX))i

i!

(
1

i+1 − 1
i+2

)
= 1 +E

∑
i≥0 s

2 (X −EX)2 (s(X−EX))i

i!

∫ 1
0

(
yi − yi+1

)
dy

= 1 +
∫ 1
0 (1− y)E[s2 (X −EX)2

∑
i=0

(s(X−EX))i

i! yi]dy

= 1 +
∫ 1
0 (1− y)E[s2 (X −EX)2 eys(X−EX)]dy

≤ 1 +
∫ 1
0 (1− y)E[s2 (X −EX)2 e|s(X−EX)|]dy

≤ 1 + s2

2 E[(X −EX)2 e
s2

2a
+

a(X−EX)2

2 ]

= 1 + s2

2 E[(X −EX)2 e
s2

2a e
a(X−EX)2

2 ]

= 1 + s2

2 e
s2

2aE[(X −EX)2 e
a(X−EX)2

2 ]

= 1 + s2

a e
s2

2aE[a(X−EX)2

2 e
a(X−EX)2

2 ]

≤ 1 + s2

a e
s2

2aE[ea(X−EX)2 ]

≤ 1 + (c+a)s2

(c−a)a e
s2

2a

≤
(
1 + (c+a)s2

(c−a)a

)
e

s2

2a

≤ e
(c+a)s2

(c−a)a e
s2

2a

≤ e
a+3c

2a(c−a)
s2

let t = a
c ∈ (0, 1)

Ees(X−EX) ≤ inf
t
e

t+3
t(1−t)

s2

2c

min f (t) = t+3
t(1−t) s.t. t ∈ (0, 1)

f ′ =
t (1− t)− (1− 2t) (t+ 3)

t2 (1− t)2
=

t2 + 6t− 3

t2 (1− t)2
=

(
t−

(
−3 + 2

√
3
)) (

t−
(
−3− 2

√
3
))

t2 (1− t)2

min
t+ 3

t (1− t)
=

t+ 3

t (1− t)

∣∣∣
−3+2

√
3
=

√
3
(
2
√
3 + 3

) (
2 +

√
3
)

3
thus

Ees(X−EX) ≤ e

√
3(2

√
3+3)(2+

√
3)

6
s2

c ≤ e
7s2

c

this is a subgaussian tail bound. �


